This paper presents a method for interactively generating a 3D class A Bézier curve segment by specifying two endpoints and their tangents. We clarify geometric properties of 3D class A Bézier curves and use them for efficiently generating 3D class A Bézier curve segments satisfying the specified positional and tangential constraints. The characteristics of typical 3D class A Bézier curves are also clarified. 
INTRODUCTION
In the design of aesthetic surfaces, such as the exterior surfaces of automobiles, the use of aesthetic curves is very important. Such aesthetic curves should be curves whose curvature plots are composed of relatively few regions of monotonically varying curvature [3] . The monotonicity of the curvature is important since it dominates the distortion of the reflected image of curved surfaces generated by the curves.
For generating curves with monotonically varying curvature, there has been a lot of work of which most are related to planar curves. Farin and Sapidis used the curvature plot of a given curve so that the curve meets the aesthetic requirements [2] . Higashi et al. has proposed to use an evolute to control the curvature variation for generating aesthetic curves [6] . Wang et al. proposed to use the monotone curvature condition to design fair curves [17] . Farin proposed class A Bézier curves to generate 3D curves with monotone curvature and torsion [4] , which was inspired by Mineur's typical curves [9] . In [4] , however, interactive generation method for class A Bézier curves was not described. Yoshida et al. proposed a method for interactively controlling planar class A Bézier curves [13] . Logaesthetic planar curves, which can be considered as the generalization of the Clothoid, Nielsen's spiral, logarithmic spiral, the circle involute, and circles have been proposed by Harada [5] , Miura [10] , and Yoshida and Saito [11] . Quasi-log-aesthetic planar curves [12] in rational cubic Bézier forms and the 3D extension of log-aesthetic space curves [14] have also been proposed. Walton and Meek proposed a 2 G curve design method using a pair of Pyhtagorean Hodograph (PH) quintic curves with monotone curvature [16] . In general, the simultaneous control of the monotonicity of the curvature (and torsion for space curves) and the endpoint constraints (two endpoints and their tangents) is not easy. The papers [11, 12, 13, 14] have addressed the problem. In case of space curves, log-aesthetic space curve segments [14] can be interactive controlled with user-specified endpoint constraints. However, the curve is not compatible with free-form curves, such as Bézier curves or NURBS curves.
In this paper, we extend our previous work of interactively controlling 2D class A Bézier curves [13] to 3D class A Bézier curves. In case of 2D class A Bézier curves, we used the geometric properties of the curves for interactive control. However, such geometric properties cannot be directly applicable to 3D class A Bézier curves. We clarify geometric properties of 3D class A Bézier curves and use them for efficiently generating the curves satisfying the specified positional and tangential constraints.
The rest of the paper is organized as follows. Section 2 reviews 3D class A Bézier curves. Two kinds of 3D class A Bézier curves, which are typical and general, are also introduced in Section 2. Section 3 presents a method for interactively drawing typical 3D class A Bézier curves by clarifying geometric properties of the curves. Section 4 describes a method for interactively drawing general 3D class A Bézier curves by using a projection whose normal is specified by a user. We present a novel method that reduces the generation of 3D class A Bézier curves to finding 2D class A Bézier curves and solving linear equations. Section 5 shows our results and clarifies several characteristics of typical 3D class A Bézier curves. Finally, we present conclusions and future work in Section 6.
3D CLASS A BÉZIER CURVES
be the control point vectors in R 3 of a Bézier curve of degree n . Let
class A Bézier curves are curves that have the following relationship and the curvature and torsion are monotonically varying:
where M is a 3  3 matrix. Note that when we refer to class A, it means that the curvature and torsion are monotonically varying. 3D class A Bézier curves are originally proposed by Farin [4] . For a symmetric matrix M , Cao et al. have presented a method for checking the monotonicity of the curvature and torsion [1] . Matrix M , which we use in this paper, is not symmetric in general. To check the monotonicity of the curvature and torsion, we simply compute these values sampling points on the curve. Fig. 1 shows an example of 3D class A Bézier curves with its curvature and torsion plots. In the figure, curves are drawn by quadratic prisms so that the user can sense the change of the torsion. Also, the shadow of the curve on the plane is also drawn so that the user can understand the shape of the 3D curve. To draw a 3D class A Bézier curve, we need to specify , the degree n and M such that the generated curve has monotonically varying curvature and torsion. Finding M that generates a curve with monotonically varying curvature and torsion is not easy. Moreover, the endpoint of the curve is not known unless we draw the curve. In this paper, we will present a method for drawing a 3D class A Bézier curve by specifying endpoint conditions, which are two endpoints and their tangent vectors. Farin called a class A Bézier curve generated by a matrix T M , which is composed of a uniform scaling and a rotation around some axis, a typical class A Bézier curves. We call a class A Bézier curves generated by a general matrix G M , which is not just a composition of uniform scaling and a rotation, a general class A Bézier curves. We start from a generation of 3D typical class A Bézier curves and then present a method for generating 3D general class A Bézier curves.
INTERACTIVE GENERATION OF 3D TYPCIAL CLASS A BÉZIER CURVES
We present a method for drawing a 3D typical class A Bézier curve generated by matrix T M , which is composed of a uniform scaling and a rotation around some axis.
  be the scaling factor, the angle of rotation, and the axis of rotation, respectively. Then M T can be represented by
where
Here, I is the identity matrix and To interactively generating a 3D typical class A Bézier curve, we specify two endpoints and their tangents by four points We are given the degree n and four points For an arbitrary  , we can find the angle of rotation  of R in the following manner. We project We use the downhill simplex method for optimization. Now, we can generate 3D typical class A Bézier curves that satisfy the endpoint constraints. Note that although the parameters ( 0 b  and T M ) for generating a Bézier curve are always found, the curve may not be class A, which means the curvature and torsion are not monotonically varying. In such a situation, we simply do not draw the curve.
INTERACTIVE GENERATION OF 3D GENERAL CLASS A BÉZIER CURVES
Using the method of Section 3, we can generate 3D typical class A Bézier curves with specified endpoint conditions. By introducing 3D general class A Bézier curves, we can generate a variety of class A Bézier curves with the same endpoint conditions. In 3D general class A Bézier curves, the matrix M in Eqn. (2.1) is not just a composition of a uniform scaling and a rotation around some axis.
The idea of generating 3D general class A Bézier curves is first projecting the four points
to an arbitrary plane whose normal is specified by u , computing a 2D class A Bézier curve in the plane as described in [13] , and getting the information back to 3D. The 2D class A Bézier curve can be either typical or general. For drawing a general class A Bézier curve, the user needs to specify the direction of projection u in addition to four points
and the degree n . The user may also specify five other parameters that change the shape of the curve. These parameters will be described shortly in this section.
Without loss of generality, we assume that the projection plane is xy plane, that is u  0 0 1 Fig.4 (a) . Note that either ofâ 1 â 0 orâ 3 â 2 is 0, the curve cannot be generated. We then generate a 2D class A Bézier curve whose endpoints are 0 a and 3 a and their tangents are 0 v and 1 v , respectively, using the method described in [13] . See Fig. 4 (b) . The 2D class A Bézier curve can be either typical or general. When generating a 2D general class A Bézier curve, the user may need to specify additional four parameters that perturbs the 2 2  matrix [13] . Let See Fig. 4 (c) . The remaining coordinates of 
Characteristics of Typical 3D class A Bézier Curves
To investigate the characteristics of typical 3D class A Bézier curves, we shows the LCGs and LTGs [13.14] of typical 3D class A Bézier curves with their slopes of approximated lines by least squares and their variances (var). See Fig. 8 . Without depending on the two endpoints and their tangents, we found that the LCGs and LTGs get closer to a straight line whose slope is 1 as the degree gets higher. A curve whose slopes of the LCG and LTG are both 1 is the 3D extension of logarithmic spiral:
Here a and b are constants. Although this does not prove that typical 3D class A Bézier curves are approximations to 3D logarithmic spirals, this fact shows that the representation space of typical 3D class A Bézier curves is rather limited. The position of four points, thus two endpoints and their tangents, dictates whether the curve is class A or not. In case that the curve is not class A, we do not draw the curve. Fig. 9 shows the drawble regions of typical 3D class A Bézier curves. We set we changed  and  within 0    90 and 90    90 , respectively. If a class A Bézier curve is generated, we draw the point a 2 in either red or cyan. We draw the point in red if the curvature and torsion are both monotonically increasing from a 0 to 3 a . We draw the point in cyan if the curvature and torsion are both monotonically decreasing. Note that changing the length a 1  a 0 or a 2  a 3 does not affect the shape of the curve unless they are 0. Since polynomial curves cannot represent curves with constant curvature, the red and cyan regions in Fig. 9 are always disconnected. When  is small, the starting point ( a 0 ) tend to become the curvature minimum thus the red region is larger than the cyan region. When  becomes large, the starting point tend to become the curvature maximum and the cyan region gets larger. The drawable region gets larger as the degree gets higher. 
CONCLUSIONS
This paper presented a method for interactively generating a 3D class A Bézier curve by specifying two endpoints and their tangents. For typical 3D class A Bézier curves, we clarified geometric properties of the curves and used them for efficient generation. For general class A Bézier curves, we proposed a novel method that reduces the generation of general 3D class A Bézier curves to finding 2D class A Bézier curves in a plane whose normal is specified by a user and solving linear equations. Using LCGs and LTGs, we showed that the slopes of LCGs and LTGs of typical 3D class A Bézier curves gets closer to 1 as the degree gets higher. We also clarified experimental drawable regions of typical 3D class A Bézier curves.
There are several interesting directions for future research. For generating general class A Bézier curves, we need to specify 5 additional parameters in addition to the normal of the projection and endpoint constraints. Reducing the number of additional parameters and finding how the curve shape will change depending on the parameter are useful. For an arbitrary (non-symmetric) matrix M , we also need a more efficient and mathematically rigorous way for checking the monotonicity of the curvature and torsion. It is pointed out that in a space curve resulting from the bending of a physical wire, the curvature and torsion are oppositely varying [8, 7] , which means the curvature is low at the region of high torsion and vice versa. Log-aesthetic space curves [14] include curves whose curvature and torsion are varying oppositely. The generalization of class A Bézier curves to curves whose curvature and torsion are oppositely varying is also an interesting direction for future research.
